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Abstract. The paper is devoted to classification problem of finite dimen- 
sional complex none Lie filiform Leibniz algebras. Actually, the observations 
show there are two resources to get classification of filiform Leibniz algebras. 
The first of them is naturally graded none Lie filiform Leibniz algebras and 
the another one is naturally graded filiform Lie algebras. Using the first re- 
source we get two disjoint classes of filiform Leibniz algebras [lOj , The present 
paper deals with the second of the above two classes, the first class has been 
considered in [2]. The algebraic classification here means to specify the rep- 
resentatives of the orbits, whereas the geometric classification is the problem 
of finding generic structural constants in the sense of algebraic geometry. Our 
main effort in this paper is the algebraic classification. We suggest here an 
algebraic method based on invariants. Utilizing this method for any given low 
dimensional case all filiform Leibniz algebras can be classified. Moreover, the 
results can be used for geometric classification of orbits of such algebras. 
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1. Introduction 

This paper aims to investigate a class of nonassociative algebras which gener- 
alizes the class of Lie algebras. These algebras satisfy certain identities that were 
suggested by J.-L.Loday [4]. When he used the tensor product instead of external 
product in the definition of the n-th cochain, in order to prove the differential prop- 
erty, that is defined on cochains, it sufficed to replace the anticommutativity and 
Jacoby identity by the Leibniz identity. This is an essential one of the motivation 
to appear for this class of algebras. 

In this paper we suggest an algebraic approach to the classification problem for 
filiform Leibniz algebras. Utilizing this method for any fixed low dimensional case 
the corresponding classes of filiform Leibniz algebras can be classified completely. 
Moreover, the results may be used for geometric classification in the sense of geo- 
metric invariant theory [5]. It is assumed that it will be the subject of one of the 
next papers. For geometric classification of complex nilpotent Leibniz algebras of 
dimension at most four we refer to [3]. 

Let V be a vector space of dimension n over an algebraically closed field K 
(c\vaiK—Q). The bilinear maps V x V — » V form a vector space Hom(V (g) V, V) 
of dimension n 3 , which can be considered together with its natural structure of an 
affine algebraic variety over K and denoted by Alg n (K) = K n . An n-dimensional 
algebra L over K may be considered as an element X(L) of Alg n (K) via the bi- 
linear mapping A : L ® L — > L defining an binary algebraic operation on L : let 
{e%,e2, ■ ■ • , e„} be a basis of the algebra L. Then the table of multiplication of L is 
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represented by point (7^ ) of this affine space as follow: 

n 

A(e i ,e J ) =^ 7 ^e fe . 
fc=i 

7^ are called structural constants of L. The linear reductive group GL n (K) acts 
on Alg n (K) by (g * X)(x,y) — g(\(g~ 1 (x),g~ 1 (y)))(" transport of structure"). Two 
algebras Ai and A2 are isomorphic if and only if they belong to the same orbit under 
this action. The orbit of A under this action is denoted by O(A). It is clear that 
elements of the given orbit are isomorphic to each other algebras. The classification 
means to specify the representatives of the orbits. A simple criterion, to decide if 
the given two algebras are isomorphic, is desired. 

2. Preliminaries 

Definition 1. An algebra L over a field K is called a Leibniz algebra if it satisfies 
the following Leibniz identity: 

where [•, •] denotes the multiplication in L. Let Leib n (K) be a subvariety of Alg n (K) 
consisting of all n-dimcnsional Leibniz algebras over K. It is invariant under the 
above mentioned action of GL n (K). As a subset of Alg n (K) the set Leib n (K) is 
specified by system of equations with respect to structural constants 7^ : 

n 

1=1 

It is easy to see that if the bracket in Leibniz algebra happens to be anticommutative 
then it is a Lie algebra. So Leibniz algebras are "noncommutative" generalization 
of Lie algebras. As to classifications of low dimensional Lie algebras they are well 
known. But unless simple Lie algebras the classification problem of all Lie algebras 
in common remains a big problem. Yu.I.Malcev [5] reduced the classification of 
solvable Lie algebras to the classification of nilpotent Lie algebras. Apparently 
the first non-trivial classification of some classes of low-dimensional nilpotent Lie 
algebra are due to Umlauf. In his thesis [7J he presented the redundant list of 
nilpotent Lie algebras of dimension at most seven. He gave also the list of nilpotent 
Lie algebras of dimension less than ten admitting so-called adapted basis (now, the 
nilpotent Lie algebras with this property are called filiform Lie algebras). It was 
shown by M.Vergne [8] the importantness of filiform Lie algebras in the study of 
variety of nilpotent Lie algebras laws. Up to now the several classifications of low- 
dimensional nilpotent Lie algebras have been offered. Unfortunately, many of these 
papers are based on direct computations and the complexity of those computations 
leads frequently to errors. We refer the reader to [§] for comments and corrections 
of the classification errors. 

Further if it is not asserted additionally all algebras assumed to be over the field 
of complex numbers C. 

Let L be a Leibniz algebra. We put: 

L 1 =L, L k+1 = [L k ,L],k e N. 
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a) (1 st class): 



Definition 2. A Leibniz algebra L is said to be nilpotent if there exists an 
integer s E N, such that L 1 D L 2 D ... D L s = {0}. The smallest integer s for 
which L s = is called the nilindex of L. 

Definition 3. An n-dimensional Leibniz algebra L is said to be filiform if 
dimL 1 — n — i, for all 2 < i < n. 

Theorem 1.(10], [I]. 

Any (n+l)-dimensional complex non Lie filiform Leibniz algebra can be included 
to one of the following three classes of none Lie filiform Leibniz algebras: 
[eo,e ] = e 2 , 

[ei,e ] = e i+ i, 1 < I < n- 1 

[eo, ei] = a 3 e 3 + a 4 e 4 + ... + a„_ie„_i + 0e n , 
[ej,ei] = a 3 e J+2 + a 4 ej +3 + ... + a n +i-je n , 1 < j < n - 2 
(omitted products are supposed to be zero) 
[e ,e ] = e 2 , 

[e,-, e ] = e i+ i, 2<i<n-l 
b) (2 nd class): < [e , e x ] = /3 3 e 3 + /3 4 e 4 + •■• + f3„e n , 
[ei,ei] = 7e„, 

[ej,ei] = + /3 4 e J+3 + ... + f3 n+1 _je n , 2<j<n-2 

(omitted products are supposed to be zero) 
[e ,e ] = e„, 
[ei, ei] = ae n , 

[e»,e ] = e i+ i, 1 < i < n- 1 

[eo, ei] = -e 2 + /3e„, 

[e ,ej = -e, + i, 2<i<n-l 

[c^ , Cj ] — 

— [ej,e<] e < ej+j+i, ei+j+2, ■ ■ ■ , e„ >, 1 < i < n — 3, 

2<i<n-l-i 
[e n _i,ei] = -[ej, e„_j] = (-l) 4 Je„, 1 < i < n- 1 

(omitted products are supposed to be zero) 

where {eo, ex, e 2 , e„} is a basis, 5 is either 1 or for odd n and 5 = for even n. 

In other words, the above proposition means that the set of all (n+l)-dimensional 
complex none Lie filiform Leibniz algebras can be represented as a disjoint union 
of the above mentioned three classes and the algebras from the difference classes 
never are isomorphic to each other. 

In this paper we will consider the second class of algebras. 

Let us denote by L((3), the (n + l)-dimcnsional filiform non-Lie Leibniz algebra 
defined by parameters (3 — (/3 3 , j3±, f3 n , 7). The set of all (n + l)-dimensional 
complex filiform Leibniz algebras from the second class is denoted by FLeib n +\. It 
is a closed and invariant subset of the variety of nilpotent Leibniz algebras. 

Using the method of simplification of the basis transformations in [1] the follow- 
ing criterion on isomorphism of two (n + l)-dimensional filiform Leibniz algebras 
was given. We formulate part two of the theorem regarding our case. Namely: let 
n > 3. 



c) (3 rd class): { 
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Theorem 2.[T] Two algebras L((3s, (3a, (3 n , 7) and L (/3' 3 , /3' 4 , (3' n , 7') from 
FL n +i are isomorphic if and only if there exist A, B and D £ C such that AD ^ 
and the following conditions hold: 



ft = jhr(Dpt - E (C k k zlA k - 2 Bp t+2 _ k + C k k zlA k ~ z B 2 E A+s-u • 



fc=3 



i 1= fc+2 



+c , fc _ 1 A' -BEE A+3-i 2 • A2+3-H • fti-fe + ■■• + 

82 — fc+3 ii— 
1 fc 2 ' ! fe-3 »2 

+c k _ 1 AB E E ••■ E A+3-<»-jfti,-3+3-iji-4-Aj+s->iAi+5-5*+ 

i)._3=2fc — 2 i fc _ 4 =2fc — 2 i 1 =2fe— 2 

t *fc-2 82 

+-B E E E A+3-i fe _ 2 Afc_2+3-ifc_3— •/3t 2 +3-u^u+4-2*)^fc), 

i fc _ 2 =2fc-l i fe _3=2fc-l i 1 =2fc — 1 



where 4 < < < n — 1 . 



n — 1 ti 

& = ^ + ^t(-D/3„ - E (C k Z 2 A k - 2 B(3 n+2 - k + C k zfA k - 3 B 2 E Pn+s-n ■ Pi 1+ i-k+ 

k — 3 ix—k + 2 

n 8 2 

+ C k ZjA "BE E Pn + 3-i 2 ' Pvi+3-il •fkl-k+ ■■■ + 

82 — fc+3 81— fc+3 

n »k— 3 8 2 

+C fc _iAB E E ••■ E Ai+8-t fc _ s At_3+8-tfc_4—A2+3-iiAi+5-2fc+ 

8 ) ._3=2fc — 2 8 fc „ 4 =2fc — 2 i 1= 2fc — 2 

+-B E E E /3n+3-8 fc _ 2 /38 fc _ 2 +3-i fc _ 3 ""A 2 +3-ii/38i+4-2fc)/3fc), 



E E 

i^. _2 =2fc — 1 ifc_3— 2fc — 1 — 2fc — 1 



7 = — 7 



Here are the above systems of equalities for some low dimensional cases: 
Case of n = 4 i.e. dimL = 5 : 



(2.0.1) 



^3 - if 03, 

/34=M(f7 + /34-2f/? 3 2 ). 
I 7'^i,(f) 2 7, 



Case of n = 5 i.e. dimL = 6 : 



r /% 



(2.0.2) 



1 D a 

aaP^ 



0J = M(&-2f/3f), 



% = wM-r + 5 f + 5(f ) 2 a|] 
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Case of n = 6 i.e. dimL = 7 : 

1 D a 

1 D (a oB o2 



(2.0.3) 



i- 



M(&-2f/$). 
^f[(/35-5f/3 3 /3 4 + 5(f) 2 /3l]. 



= M If 7 + ft " 6f ftft + 21(| ) 2 /3f/? 4 - 3f /3 4 2 - 14(f ) 3 /3|] 
aM§) 2 7, 



Case of n — 7 i.e. dimL = 8 : 
(2.0.4) 

1 D a 
AAP3, 



: aZa(04 _ 2 A^3): 

^fP5-5f/3 3 /34 + 5(f) 2 /3 3 3 ]. 

= M [& - 6f /3 3 /3 5 + 21(f ) 2 /3 2 /3 4 - 3f /3 2 - 14(f ) 3 /3f] 
= ia £ [f 7 + ft - 7f /? 3 /3 6 + 28(f ) 2 /3 2 /3 5 + 28(f ) 2 /3 3 /3 4 2 - 

7f/3 4/ 3 5 - 84(f) 3 /3|/3 4 + 42(f) 4 /3|] 

i.(f) 2 7, 



To deal with the classification of FLeib n+ i with respect to the above mentioned 
action we represent it as a disjoint union of an open and closed (with respect to 
the Zarisski topology) subsets. Moreover each of these subsets are invariant under 
the corresponding transformations presented in Theorem 2. Then we formulate 
the solution of the isomorphism problem for the corresponding algebras from the 
open subset. Similar approach can be used to solve isomorphism problem for the 
algebras from the corresponding closed subset. 

It is not difficult to notice that the expressions for j3' t , 7' in Theorem 2 can be 
represented in the following form: 



(2.0.5) 



1 A* -2 A TI,y A 

where j3 = (/3 3 , /3 4 , f3 n , 7), 3 < t < n — 1 and 

t-i t 
ipt(y,z) =ip t (y;z 3 ,z i ,...,z n ,z n+1 ) = z t - E {Cj^zfyzt+2-k+C^zfy 2 ^ z t+3 _ n - 

fc=3 



Zii+l-k + Cfc-lV E E z t+3-i 2 ■ Zi 2 +3-h ■ Zh-k + ••• + 
22 — ^+3 ii—k+3 

t ik-3 12 

cUv k - 2 E E ••• E *+3- 

i fc _3=2fc-2 i fe _4=2fc-2 ii=2fe-2 



ii=fe+2 



ife-3 ' Z ifc-3+3-ifc-4 ' ■•■' z i2+3-ii '^ii+5-2fe 
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t ik-2 12 

+V J2 J2 ■■■ J2 z t+3-i k - 2 ' z ik-2+3-i k - 3 ■ — ■Zi 2 +3-h • Zii+4-2k) ■ 

i fc „2=2fc-l i fc _ 3 =2fc-l ii=2fc— 1 

for 3 < t < n, 

(2-0.6) /?; = 3^f7 + ^(f;/3), 

and 7' = 3 ^(§) 2 -0n+i(4;/3), where ^ n+ i(y;z) = Zn+i 

To simplify notation let us agree that in the above case for transition from the 
(n + l)-dimensional filiform Leibniz algebra L(f3) to the n + 1-dimensional filiform 
Leibniz algebra L{(3') we write /?' = 4, where /3 = (^3,^4,, ...,/?„, 7) 

@( A ' A ' A' ^) = A ' A ' A"' ^ 2 ( A> A ' A » &)•> "•> £»— 1( A' A ' A' ^))' 

£?t(x, y, u; z) = x t ^ 1 m/; t+ 2(y, z) for 1 < i < n — 2 and 
gn-i(a;,y,H;^) = x n ~ 5 u 2 tp n+1 (y;z) 

Here are the main properties, used in this paper, of the operator g: 
1°. g(l, 0, 1; •)) is the identity operator. 

90 n(J- ^2. Dz-ntJ- Ml. Dl ■ q\\ — n( 1 B1A2+B2-D1 J1-P2 ■ ffl 
14 • ^ A 2 ' A 2 ' A 2 ' y V Ai ' Ai ' Ai ' ~~ <A AiA 2 ' AiA 2 ' AiA 2 ' > > 

3° If p = e (\, then = e (A, -%, %\ /?')■ 

3. Classification theorems 

Definition 4. An action of algebraic group G on a variety Z is a morphism 
er : G x Z — > Z with 

(i) cr(e, z) = z, where e is the unit element of G and z £ Z. 

(ii) <t(<7, er(/i, z)) = cr(gh, z), for any g 7 h £ G and z£Z. 
We shortly write for cr(<7, z), and call Z a G- variety. 

Definition 5. A morphism /: Z — > A", (A is a base field) is said to be invariant 
if f(gz) — f(z) for any g £ G and z G Z. 

The algebra of invariant morphisms on Z with respect to the action of the group 
G is denoted by K[Z] G . Sometimes this algebra is a finitely generated A-algebra. 
This is referred to in [11] as the "first fundamental problem of invariant theory" . If Z 
is an irreducible then the field of rational invariants can be defined as a quotient field 
of K[Z] G . It is always finitely generated as a subalgebra of the finitely generated 
algebra K(Z). Description the field of rational invariants is an another important 
classical problem of the invariant theory |12j . 

Actually, we use some elements of the algebra of invariant morphisms under the 
above mentioned adapted action on the variety of filiform Leibniz algebras to solve 
isomorphism problem. 

From here on we assume that n > 5 is a positive integer, since there are com- 
plete classifications of complex nilpotent Leibniz algebras of dimension at most four 
[13], [Hj (for five-dimensional case see section 4). 

Consider the following presentation of FLeib n+ i\ 



(3.0.7) 



FLeibn+i = UUF, 
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where U = {£(/?) : /3 3 (4/3 3 2 /3 6 - 12/? 3 /3 4 /?6 + ®Ws - 5/3 4 2 ) 7^ 0}, F = {L{(3) : 
/33(4/3 3 2 /3 6 - 12/3 3 /34/3 6 + 0?)(4/3 3 A> ~ 5/3f ) = 0}. 

Our main interest will be the cases of open sets, "generic algebras", cases. 

Theorem 3. i) Two algebras L(3) and L(d') from U are isomorphic if and only 

if 

_ / /3 3 (4fefe-5^) 4 4(/3|^ 6 -3fe/?4fe+2/3|) . ^ 

^U(/3 3 2 /3 6 -3/3 3 /3 4 /3 5 +2/32) ' 2^f ' /3 2 (4/3 3l 3 5 -5/3 2 ) ' IJ ' 



( 0' 3 (40' 3 5 -504 2 ) 0' 4 4(^ 2 ^-3/3 3/ 3 4 ^+2/3f ) ^ 

^4(0?0' 6 -30' 3 0' 4 0' 5 +20>*) ' ' 3 H4f3' 3 0' 5 -50?) ' P ^ 



whenever i = 3, n — 1. 

ii) For any (A3, A4, A„_i) € C™~ 3 there is an algebra L{(3) from [/ such that 

/Ws/?5-502) ^ 4 (/3|/3 6 - 3/3 3 /3 4 /3 5 + 2/3|) 



Proof, i). Let first two algebras L(/3) and L{j3') be isomorphic that is to say 
there exist A,B,D E C such that AD ^ and 0' = g(^, §,§;/?). Consider algebra 

if/? ) where /3° - of-^ 2* 2z- 0) and An - ^^fe^fe^) 
nyp ), wneie p — gy Aq , Aq , Aq , p) dim /in — 3 (40 3 5 -50i) ' 

d - 2/?4(fe 2 /?6-3fe^4fe+2/3|) j n _ 4(/3 2 ,3 6 -3/33/?4fe+2/?|) o- fl _ M — B A . ai\ 
- 0$(40 3 5 -50'j) and i^o - 0-i(40 3 5 -50'i) ' bmce P ~ 0(A —>D>P) 

and ffi = ,(_!_, |a, £ ;/3) = ,(_!_, |a, ^ , (A , A.^)) 

- rtjfc. 3 ^.^)- K is easy to check that £ = 4( ^!g^g^) , 

B A-A B _ # , DoA _ 4( / 3 3 2 ^-3/3 3 /3 4 ^+20f) 

A D 20f ' dI1U A D ~ 0?(40 3 0> i -50?) ' 

Therefore 

/ fe(4fa/3 5 -5 ) 9 2 ) ;3 4 4(/3 2 /3 6 - 3 fe/3 4 /3 5 +2 ) 3 4 ; ) _ 

^U(/3 2 /3 6 - 3 /3 3 /3 4 /3 5 + 2 ) 3f)' 2/3| ' /3|(4/3 3 /3 s -50 2 ) ' ^ 



/ j3 3 (4/3 3 ^-5/3 4 2 ) /3 4 4(/3 3 2 ^-3/3 3 /3 4 /3,;+2/3f ) ^ 

^M(/3 3 2 /3£-3/3 3 /3 4 /3£+2/3f) ' 20?' 0'/(4/3'J' 5 -50^) ' ^ > 

and, in particular, 

. ( /3 3 (40 3 s -50l) 4 A(fll0 6 -30 3 0^+20l) _ R s 

V* 4(0^-3030405+20*)' W 3 ' /3 2 (4,3 3 /35-5/3 2 ) 



, 0' 3 (40 3 0' s -504 2 ) 04 4(0!?0' 6 -30 3 040' 5 +204 3 ) 

^4(0S>0> e -30' 3 040' 5 +20?) ' 20f ' W(40' 3 0' 5 -S0?) ^ 



for alH = 3, n — 1. 

This procedure can be shown schematically by the following picture: 

/ 1 B D > 

v 7377 i 7i77 ' "377 - 1 



J- IZ) \ /* ('A- BqA-AqB DqA \ 

A' A' A' ^ / U ' Ao-D ' Ao-D^ 



Conversely, let the equalities 
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f 'l4(/3 3 a ft-3ftftft+2ft s )' W ^(4/33/35-5/31) 



„ f /33(4/3 3 /3 5 -5/3f ) /3 4 4(,8 3 2 /3 6 -3/3 3 /?^+2,3f ) , 

^U (/3 ^-3/3^/3^+2/3f )> 2^' WWM^W) ' P j 



hold for i = 3, n — 1. Then it is easy to see that 

„ / /3 3 (4/3 3 fe-5/3g) /3 4 4(/3^/3 6 -3/3 3 /3 4 /3 5 +2/3|) . 

^4(^,36-3/33/34/35+2/32)' Wl 1 /3 2 (4/3 3 /35-5/3f) ' P ^ 



„ i - ^ 3 (4/3 3 /35 - 5/3f ) /3 4 4(/? 3 2 /3 6 -3/3 3 /?X+2/3f) ^ 



for « = 1, 2 as well and therefore 



1 4(/? 2 /3 6 - 3/3 3 /3 4 /3 5 + 201) ' 2jS| ' /? 3 2 (40306 - 5$) 



/3 3 (4/3^- 5/3 4 2 ) /% 4(/ff /% - 3^^ + 2/? 4 3 ) 

a 4(/3^-3/3^ + 2/3 4 3)'2^ 2 ' /^ 2 (4/3^ - 5/3f) ' 

which means the algebras L(0) and are isomorphic to the same algebra 

and therefore they are isomorphic to each other. 

Part ii) can be proved in the same way as the proof of Theorem 3 of [2]. 
Here are the corresponding invariants for low dimensional cases. 
Case of dim L=6: 



Case of dim h—7: 



n (Si Pi 1 • R\ - fe(4/35/^-5ijj/3 3 + 2/3 4 7) 



„ / /3 3 (4/3 3 /3 5 -5/3;) /3 4 2(2/3 2 /3 6 -6/3 3 /3 4 /35+/347+4/3|) . 

^ 3 2(2CitBa -fifl, B,, Br. + 6„ ~,+4B?\ ' 2B? ' B?(4B*B*-nB'i) ' ^ 



^ 2(2/3 2 /3 6 -603/34/3 5 +/347 + 4^) ' 2^f ' /3^(4/3 3 /35-5/3j) 

<■ /3 3 (4/3 3 /35 - 5/3 2 ) /3 4 2(2/3 2 /3 6 - 6/3 3 /3 4 /3 5 +/3 4 7 

2(2/3 2 /3 6 - 6/3 3 /3 4 /35+/347 + 4/32) ' W /3| (4/3 3 /3 5 - 



= (4/3 3 /3 5 - 5/3 2 ) 3 

16(/3 4 7+2^/36 - 6/3 3 ^4/35+4/3j)2 

n (§1 04 1 • m - 7 (4/3 3 /35 - 5/3 2 ) 2 

7 > 2pJ'p%>V) 4(/3 4 7 + 2/3 2 /3 6 -6/33/34/35+4/32) 2 

Case of dim L=8: 

_ / /3 3 (4/3 3 /3 5 - 5/3;) /3 4 2(2/3 2 /3 67 6/3 3 /3 4 /3 5 +/3 4 7 +4/3j) . 

^ 2(2,3 2 /3 6 - 6^30405+/347 + 4^) ' 20j' /3 2 (4/3 3 /3 5 -5/3 2 ) 

_ . /■ fe(4fefe-5/3 2 ) ft, 2(2^ 2 /3 6 - 6/3 3 /34/35+/3 4 7 + 4/3j) , ^ 

^ 4 V 2(2/3 2 /3 6 -6/3 3 /3 4 /35+/347+4/32) ' 2^' /3 2 (4/3 3 /3 5 -5/3 2 ) ' ^ 

= (4/3 3 /35-5/3|) 3 

16(/3 4 7 + 2/3 2 /3 6 - 6/33/34/35 + 4/3j) 2 



/ /3 3 (4/3 3 /3 5 - 5/3 2 ) 3 4 2(2/3 2 /3 6 - 6/3 3 /3 4 /35+/347 +4/3^) . m 

Wl 2(2/3 2 /3 6 -6/3 3 ^4/35+/347 + 4/3|) ' 20j' /3|(4/3 3 /3 5 -5/3 2 ) ' ^ 
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= (4/? 3 /35-5^) 4 (4fe;347+8^/37--28/3|/?4/36+28 / 33/?jfe-7^) 
128(2/3|/3 6 -6/3 3 /34&+4^) 

- / §3 (4/33,95 -50j) 4 2(2/3f/3 6 - 6/3 3 /3 4 /3 5 +/34 7 + 4/3f ) . ^ _ /?37(4fe/35-5^) 3 

^^2(2/3^6-6/3 3 ^4/35+^47+4/32) ' 20j' /3 3 2 (4/3 3/ 3 5 -5/3|) ' ^ ~ 8(2/3|/3 6 -6/3 3 /3 4 /3 5 +4/3J)3 

As to the isomorphism problem for the algebras from the closed set F a similar 
procedure as the above can be applied to it as well. We will not consider it here. 
In the next section we will present final results of classification in five and six- 
dimensional cases. 

4. Applications 

4.1. The five-dimensional case. This case is specific and can be also completely 
investigated: FLeib^ can be represented as a disjoint union of several subsets: 

FLeib 5 = Ui |J U 2 |J U 3 |J U 4 |J U 5 \J F, 

where 

Ux = {L(/3) G FLeib 5 : fa ^ and 7 - 2/3| ^ 0}, 

U 2 = {L(J3) G FLeib 5 : fa ^ 0, 7 - 2/3| = and /? 4 7^ 0}, 

f/ 3 = {£(/?) e FLei6 B : fa + 0, 7 - 2/3| = and /? 4 = 0}, 

C4 = W) G FLei6 5 : ft = 0, 7 ^ 0}, 

17 B = {L{fa G FLei6 B : ft = 0, 7 = and /3 4 + 0}, 

F = {£(/?) G FLeib b : fa = 0, 7 = and ft = 0}. 

Proposition 4. i) Two algebras L{[3) and L(ft) from U\ are isomorphic if and 
only if 

7 _ V 

$ /r 

m) For any A e C there is an algebra from [7 such that -X = A. 
Proposition 5. 

a) The algebras from the set c7 2 are isomorphic to the algebra L(l, 1, 2); 

b) The algebras from the set U3 are isomorphic to the algebra L(l, 0, 2); 

c) The algebras from the set U4 are isomorphic to the algebra £(0,0, 1); 

d) The algebras from the set U5 are isomorphic to the algebra L(0, 1,0); 

e) The algebras from the set F are isomorphic to the algebra L(0, 0, 0). 
Theorem 6. 

Any 5-dimcnsional complex filiform Leibniz algebra from FLeib$ is isomorphic 
to one of the following pairwise nonisomorphic non-Lie filiform complex Leibniz al- 
gebras L =< ei, e 2 , e 3 , e 4 , e5 > whose commutation relations are (omitted products 
are assumed to be zero): 

1) L(1,0,A): 

[d, e{\ = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [ei, e 2 ] = e 4 , 
[e 2 ,e 2 ] = Ae 5 , [e 3 ,e 2 ] = e 5 , where AeC. 

2) 1(1,1,2): 

[ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [ei, e 2 ] = e 4 + e 5 , 
[e2, e 2 ] = 2e 5 , [e 3 , e 2 ] = e 5 . 

3) L(0,0,1): 

I [ei, ei] = e 3 , [e 3 , e x ] = e 4 , [e 4 , e x ] = e 5 , [e 2 , e 2 ] = e 5 . 
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4) L(0,1,0): 

| [ei,ei] = e 3 , [e 3 ,ei] = e 4 , [e 4 ,ei] = e 5 , [ei,e 2 ] = e 5 . 

5) L(0,0,0) : 

| [ei,ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 



4.2. The six-dimensional case. 

union of the following subsets: 



The set FLeib e can be represented as a disjoint 



FLeib, = 0iU U 2 \J C/ 3 |J tf 4 (J C/ 5 |J f/ 6 |J U r \J U 8 \J U 9 \J U W \J U u \jF, 



where 

f/i = {L(/3) G FLeib 6 : /3 3 ^ 0, /3 4 ^ 
f/ 2 = {L(/3) G FLeii* : /3 3 ^ 0, fa ± 0, 
t/ 3 = {L{/3) G FLei&e : /3 3 ^ /3 4 ^ 0, 
Ui = {L(P) G FLei&e : /3 3 ^ 0, /3 4 = 0, 
U B = {L(/3) G FLeib 6 : fa ± 0, fa = 0, 
C/ 6 - {L(fa G FZ-ei&e : /3 3 = 0, & ^ 0, 
f/ 7 = {L(/3) G FLei6 6 : /3 3 = 0, /3 4 ^ 0, 
f/ 8 - {L(/3) G FZ-ei&e : /3 3 = 0, /3 4 ^ 0, 
Db = W) G ^iei6 6 : /3 3 = 0, /3 4 = 0, 
C/io = {£(/?) G FLe*& 6 : /3 3 = 0, fa = 0, 
U u = {£(/?) G FLeifee : fa = 0, /3 4 = 0, 



and 7 ^ 0}, 

7 = and /3 3 /3 4 ^ 4/3|}, 
7 = and fa fa = 4/?f}, 
7 7^0}, 
7 = 0}, 
7 7^0}, 

7 = 0, and /3 5 ^ 0}, 
7 = 0, and /3 5 = 0}, 
/3 5 ^0, and 7^0}, 
/3 5 ^ 0, and 7 = 0}, 
fa = 0, and 7 ^ 0}, 



F = {L(fa G FLezfee : /3 3 = 0, /3 4 = 0, & = 0, and 7 = 0}, 

Proposition 7. i) Two algebras L(fi) and £(/?') from U\ are isomorphic if and 
only if 



£•3 = 



2/3 3 /3 47 + 4/31/35 - 5/3|/3 4 2 _ 2/3 3 /3 47 ' + 4/3 3 3 /3 5 - 5/3^ 2 /3 4 2 
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ii) For any A G C there is an algebra L(fa from Ui such that g> 3 



2/33/347+4/3S/3 5 -5/3^/3f 



A. 

Proposition 8. i) Two algebras L(f3) and L(/3') from [7 4 are isomorphic if and 
only if 



93 = 



4/3|/3 5 _ 4/3 3 3 /3£ 



v /2 



u) For any A G C there is an algebra L(fl) from J7 4 such that g 3 = 4/ ^f 5 = A. 
Proposition 9. 

a) The algebras from the set Ui are isomorphic to the algebra L(l, 0, 1, 0) 

b) The algebras from the set U% are isomorphic to the algebra 0, 0, 0) 

c) The algebras from the set U5 are isomorphic to the algebra L(l, 1, 0, 0) 

d) The algebras from the set Uq are isomorphic to the algebra L(0, 1,0, 1) 

e) The algebras from the set Uf are isomorphic to the algebra L(0, 1, 1, 0) 

f) The algebras from the set Us are isomorphic to the algebra L(Q, 1, 0, 0) 

g) The algebras from the set Ug are isomorphic to the algebra L(0, 0, 0, 1) 

h) The algebras from the set Uio are isomorphic to the algebra £(0,0, 1,0); 
k) The algebras from the set Uu are isomorphic to the algebra L(0, 0, 1, 1); 
I) The algebras from the set F are isomorphic to the algebra L(0, 0, 0, 0). 
Theorem 10. 



ON CLASSIFICATION OF FINITE DIMENSIONAL COMPLEX FILIFORM LEIBNIZ ALGEBRAS (PART 2) 

Any 6-dimensional complex filiform Leibniz algebra from FLeibs is isomorphic to 
one of the following pairwise nonisomorphic non-Lie filiform complex Leibniz alge- 
bras L =< ex, e 2 , e 3) e 4 , eg, ee > whose commutation relations are(omitted products 
are supposed to be zero): 

1) L(1,0,A,1) : 

[ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , e{\ = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 4 + Ae 6 , 
[e 2 ,e 2 ] = e 6 , [e 3 ,e 2 ] = e 5 , [e 4 ,e 2 ] = e 6 , where A £ C. 

2) 1,(1,0,1,0): 

J [ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 4 + e 6 , 
\ [e 3 ,e 2 ] = e 5 , [e 4 ,e 2 ] = e 6 . 

3) Z(1,0,0,0): 

[ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 4 , 
[e 3 ,e 2 ] = e 5 , [e 4 ,e 2 ] = e 6 . 

4) L(1,1,A,1) : 

J [ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 4 + e 5 + Ae 6 , 
\ [e 2 , e 2 ] = e 6 , [e 3 , e 2 ] = e 5 + e 6 , [e 4 , e 2 ] = e 6 , A £ C. 

5) ^(1,1,0,0): 

J [ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , e\] = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 4 + e 5 , 
1 [e 3 , e 2 ] = e 5 + e 6 , [e 4 , e 2 ] = e 6 . 

6) Z(0, 1,0,1) : 

[e 4 , ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [e 5 , e{\ = e 6 , [ei, e 2 ] = e 5 , 
[e 2 ,e 2 ] = e 6 , [e 3 ,e 2 ] = e 6 . 

7) L(0, 1,1,0) : 

[ei, ei] = e 3 , [e 3 , e{\ = e 4 , [e 4 , ei] = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 5 + e 6 , 
[e 3 ,e 2 ] = e 6 . 

8) L(0, 1,0,0) : 

[ei, ei] = e 3 , [e 3 , e{\ = e 4 , [e 4 , ei] = e 5 , [e 5 , ei] = e 6 , [ei, e 2 ] = e 5 , 
[e 3 ,e 2 ] = e 6 . 

9) i(0, 0,0,1) : 

{ [ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [e s , ei] = e 6 , [e 2 , e 2 ] = e 6 . 

10) L(0, 0,1,0) : 

{ [ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [eg, ei] = e 6 , [ei, e 2 ] = e 6 . 

11) £(0, 0,1,1) : 

{ [ei, ei] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e 5 , [e 5 , e\] = e 6 , [ei, e 2 ] = e 6 , [e 2 , e 2 ] = e 6 . 

12) L(0, 0,0,0) : 
{ [ei, e\] = e 3 , [e 3 , ei] = e 4 , [e 4 , ei] = e s , [e 5 , ei] = e 6 . 



References 

[1] J.R.Gomez, B.A.Omirov. On classification of complex filiform Leibniz Algebras. arXiv: 
|math/0612735l vl [math.R.A.] 23 Dec 2006. 

[2] U.D.Bekbaev, I.S.Rakhimov. On classification of finite dimensional complex filiform leibniz 
algebras (Part j;. |http://front.math.ucdavis.edu71 ArXiv:math. RA/01612805.(2006) or Pro- 
ceedings of The Third International Conference on Research and Education in Mathematics 
ICREM 3, 10-12 April 2007, Kuala Lumpur Malaysia, p. 138-150. 



12 



BEKBAEV U.D. AND RAKHIMOV I.S. 



[3] S.Albeverio , B.A.Omirov , I.S.Rakhimov. Varieties of Nilpotent Complex Leibniz Algebras 
of Dimension Less than Five. Comm. in Algebra, vol. 33, 5, 2005, p. 1575-1585. 

[4] J.-L.Loday. Une version non commutative des de Lie: les de Leibniz. L'Ens. Math. ,39(1993), 
p.269-293. 

[5] H.Kraft, Geometrische Methoden in der Invarianten theorie, Aspekte der Mathematik, Vol. 

Dl, Vieweg Verlag, Braunschweig- Wiesbaden, 1985. 2., durchgeschene Auflage. 
[6] A.Malccv. On Solvable Lie algebras. Amer.Math.Soc.Transl.(l)9 (1962), 228-262. 
[7] K.A.Umlauf. Uber die Zusammmcnsctzung der cndlichen continuierlichen Transformations- 

grouppen insbesondere der Gruppen vom Range null, Thesis, Leipzig, 1891. 
[8] M.Vergnc. Cohomologie des algebres de Lie nilpotentes. Application a I'etude de la variete 

des algebres de Lie nilpotentes, Bull. Soc. Math. France 98(1970), 81-116. 
[9] J. R. Gomes, A. Jimenez-Merchan, Y.Khakimdjanov, Low- dimensional filiform Lie algebras, J. 
of Pure and Applied Algebra 130(1998), 133-158. 
[10] Sh.A.Ayupov, B.A.Omirov, On some classes of nilpotent Leibniz algebras. // Sib. Math. J. 

(2001). V. 42, 1. 18-29. (in Russian) 
[11] H.Weyl, The classical groups, Princeton Univ. Press, Princeton, N.J., 1946. 
[12] V.L.Popov, E.B.Vinberg. Invariant theory. In: Encyclopaedia of Math.Sci.: Algebraic Geom- 
etry IV. Springer Verlag 55 (1994), 123-284. 
[13] Omirov B.A. Structural theory of nilpotent Leibniz algebras. PhD thesis, Institute of Math- 
ematics of Uzbekistan Academy of Science, Uzbekistan (1999). 
[14] Albeverio S., Omirov B.A., Rakhimov I.S. Classification of four- dimensional nilpotent com- 
plex Leibniz algebras. Extracta Math. 21(3) (2006), 197-210. 

Bekbaev Ural Djumaevich., Department of Mathematics & Institute for Mathe- 
matical Research, FS,UPM, 43400, Serdang, Selangor Darul Ehsan, (Malaysia). 
E-mail address: bekbaevSscience .upm. edu.my 

Rakhimov Isamiddin Sattarovich., Department of Mathematics & Institute for 
Mathematical Research, FS,UPM, 43400, Serdang, Selangor Darul Ehsan, (Malaysia). 
E-mail address: isamiddin(3science .upm. edu .my risamiddinOmail.ru 



